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ABSTRACT 
An attempt has been made to construct partially balanced incomplete block 
designs of two and more associate classes by using designs for confounded 
2” factorials. Methods of construction have been presented with examples. 
Parameters of such designs along with association schemes have also been 
given. Several designs of two associate classes which seem to be unknown to date 
have been reported. 
1. INTRODUCTION 
After the partially balanced incomplete block (PBIB) designs were 
introduced by Bose and Nair [l], a good amount of work has been done 
on these designs. The next significant work is the preparation of tables of 
PBIB designs in two associate classes by Bose, Clatworthy, and Shrikhande 
121. Subsequently, Clatworthy [3,4,5], in a series of papers presented some 
more series of such designs. The object of the present paper is to advance 
a method of construction of PBIB designs in two and more associate 
classes by using confounded designs for factorial experiments. Through 
this method, several new series of designs are available. One of these 
series gives two-associate designs and most of these designs were not 
presented in the tables of Bose, Clatworthy, and Shrikhande [2]. 
2. CONSTRUCTION OF PBIB DESIGNS BY CONFOUNDING ONLY MAIN EFFECTS 
AND TWO-FACTOR INTERACTIONS OF 2” SERIES 
2.1. Construction of Tu>o-Associate PBIB Designs 
(a) Method 
Let us take the main effects and two-factor interactions in a 2” factorial 
to denote the treatments in an incomplete block design. Main effects will 
282 
2” FACTORIALS AND SOME NEW DESIGNS 283 
also be called interactions. We now choose two independent interactions 
and obtain their generalised interaction, forming thereby a block, taking 
these interactions to denote treatments. By choosing two independent 
interactions in all possible ways, we can obtain as many blocks as there are 
ways of choosing such two interactions. The distinctly different blocks 
from such a collection form a two-associate PBIB design with the following 
parameters: 
” = (“+l)cz ) b z (“+1)C3, r = (n - l), k = 3; 
n, = 2(n - l), A, = 1, n2 = (n-l)C2 ) A, = 0; 
d?z = (,” z : (::I ;),,) and PL = ( 4 2(n - 3) 2(n - 3) > (n - 3),, * 
Symbols v, b, r, k ,... etc. have their usual meanings. 
(b) Determination of pil, values. 
We note that if 7, any interaction, is of one letter, it will have (n - 1) 
other one-letter interactions and (n - 1) two-letter interactions each 
containing the letter 7, forming its first associate class. While if it is a two- 
letter interaction, say XY, it will have main effects X, Y and 2(n - 2) two- 
letter interactions each of which contains either X or Y-in its first 
associate class. Then, it can be shown that irrespective of q’s being one- 
letter or two-letter interactions: 
(i) any interaction # in the first associate class of 77 goes in blocks 
with (n - 1) interactions of the same class and with (n - 2) interactions 
of the second associate class of q giving thereby pi1 = (n - 1) and& = 
(n - 2); and that 
(ii) any interaction E of the second associate class of 71 goes in blocks 
with 2(n - 3) interactions of the same class and with 4 interactions of the 
first associate class of 17 giving thereby piI = 4, p$ = 2(n - 3). 
(c) Example 1 
Consider the main effects and two factor interactions of a 2s factorial 
of which, A, B, C, D, E, F (say) are the six factors. All possible distinct 
ways of confounding these interactions give us a PBIB design of two- 
associate classes. If the interactions A, B, C, D, E, F, AB, AC, AD, AE, AF, 
BC, BD, BE, BF, CD, CE, CF, DE, DF and EF are replaced by variety 
numbers 1 through 21, respectively, the non-randomized layout of the 
two-associate PBIB design comes out as follows: 
&a/Ix/p6* 
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Blocks Treatments Blocks Treatments 
1. 1,2,7 19. 7, 11, 1.5 
2. 1, 3, 8 20. 8, 9, 16 
3. 1,499 21. 8, 10, 17 
4. 1, 5, 10 22. 8, 11, 18 
5. 1, 6, I1 23. 9, 10, 19 
6. 2, 3, 12 24. 9, 11, 20 
7. 2, 4, 13 25. 10, 11, 21 
8. 2, 5, 14 26. 12, 13, 16 
9. 2, 6, 15 27. 12, 14, 17 
10. 3, 4, 16 28. 12, 15, 18 
11. 3, 5, 17 29. 13, 14, 19 
12. 3, 6, 18 30. 13, 15, 20 
13. 4, 5, 19 31. 14, 15, 21 
14. 4, 6, 20 32. 16, 17, 19 
15. 5, 6, 21 33. 16, 18, 20 
16. 7, 8, 12 34. 17, 18, 21 
17. 7, 9, 13 35. 19, 20, 21 
18. 7, 10, 14 
The parameters of this design are: 
u = 21, b = 35, r = 5, k = 3, n, = 10, X, = 1, n2 = 10, A, = 0 9 
4 6 
and p;lc = 6 3 . 
( 1 
(d) Algorithm of writing treatment numbers in block directly 
It would be seen that the actual writing of the blocks by following the 
above method might be somewhat complicated. We have, therefore, given 
below a systematic method of obtaining the same designs. 
Let the n(n + 1)/2 treatments be denoted by agj, i = 1, 2,..., n; 
j = 1, 2,..., (n - i + 1). The method now consists of generating the 
different blocks from the following general block 
where, 
[a 1)p y a,, , a b+d bd 1 
p = 1, 2 )...) (n - l), 
4 = 1, z..., (n -P), 
r > 4, r = 2, 3 ,..., (n - p + 1). 
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The design given in Example 1 can be obtained through this technique 
just by setting 
aij = 1 
(i - I) 
2 
. (2n - i + 2) +i\, 
i = 1, 2,..., n,j = 1, 2 ,..., (n-i + 1). 
(e) New designs 
When we refer to the “Tables of Partially Balanced Designs with Two 
Associate Classes” by Bose, Clatworthy, and Shrikhande [2], which 
present all known PBIB designs with two associate classes for which 
r < 10 and 3 < k < 10, it is found that the designs evolved in Section 2.1 
for n > 5, and replication less than 11 do not appear in those tables. 
Moreover, in these tables no three-plot block designs for v = 28, 36, 
45, and 55 have been given. Also for 66 varieties, no design whatever be 
the block size has been presented. All these designs can be obtained 
through the present method of construction. The design for 21 varieties 
given in Example 1 seems to be an improved one over what is available 
in the tables of Bose et aE. for their 3-plot block designs for 21 varieties; 
SR 59 and R 44, have r = 7 and 9, respectively while the present design 
has a lower number of 5 replications. 
2.2. Construction of PBIB designs qf two and more associate classes 
(a) Method 
In the previous section we obtained designs considering the interactions 
as treatments. Now we shall consider the treatment combinations of 
2” factorials as varieties (or treatments). It is seen that the blocks obtained 
through the confounding system described in Section 2.1(a) which lead 
to a two-associate PBIB design also form PBIB designs with two and 
more associate classes. The four primary parameters of such designs are 
2, = 2”, b = 22 . (“+l)($, r = (n+1)C3 , k = 2n-2. Other parameters can 
be obtained from the following considerations. 
(b) Association scheme and determination of ni’s and hi’s 
For treatment combinations we shall be using the Yates notations, viz., 
(l), a, b, c ,..., ab, ac, bc ,..., abc ,..., etc. in which a2 = 1, 6% = c, etc. For 
brevity, “treatments” will be written for “treatment combinations.” 
We observe that if the arrangement of all other treatments into different 
associate classes against the control treatment (1) is obtained, such 
arrangement (association scheme) for any treatment, say, 7 is directly 
obtained by just multiplying the treatments in the association scheme of (1) 
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by 7. It is due to this property only that we shall consider the associaiton 
scheme of (1) alone in evaluation of parameters of the designs. Let us 
call this the “standard association scheme” (SAS). It is noted that the 
above property ensures the constancy of nils. 
We shall now find out in how many replications a t-letter treatment 
occurs with the control (1) by inspecting possible even number of letters 
common between the t-letter treatment and the confounded interactions 
in the different replications. Since a t-letter treatment has exactly 
(9 zero letter common with each of the main effects and two factor 
interactions confounded in (n--t+l)Cg replications (which are also the blocks 
of the design in Section 2.1 (a)) and 
(ii) two letters common with each of the two factor interactions con- 
founded in “C, replications obtained from these t letters, 
we observe that a t-letter treatment goes with the control (1) in 
replications. Also, this number (of replications) remains unchanged when 
t is replaced by (n - t + 1). In other words, both t-letter and (n - t + l)- 
letter treatments go with (1) in [(+*+l)Cs + tc,] blocks of the design. 
For I < 3, of course, the term tC, is to be taken as zero. 
The above considerations show that the first associate treatments of the 
control are all the single-letter treatment combinations together with the 
n-letter treatment combinations. Similarly, its second associates are 
2-letter treatment combinations together with (n - 1)-letter treatment 
combinations. In general, there will be n/2 or (n + 1)/2 associate classes 
according as n is even or odd. The i-th associate class will contain all 
i-letter and (n - i + I)-letter treatments. It can be seen that hi = 
(n-i+lCB + C,) for all i = I, 2,..., n/2 or (n + 1)/2 according as n is 
even or odd. 
(c) Deternzination of pfk values 
If two treatments # and E are i-th associates then it is evident that (1) 
and #. E are also i-th associates. We note that the set of p:k values obtain- 
able from the association schemes of a pair of treatments, say #, and E, is 
the same as those obtainable from the pair (1) and #. E, because the number 
of common treatments between any two classes of treatments remains 
unchanged’when the treatments of both the classes are multiplied by one 
particular treatment, say, z/. Hence we shall determine pil, values from the 
association scheme of 2 treatments one of which is control.. Thus, pzk 
boils down to the number of common treatments between the.j-th associate 
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of (1) and the k-th associate of q, any other treatment where r] is 6th 
associate to (1). From this consideration, we have, in general, 
pik = [(number of k-letter treatments which give rise to j-letter 
treatments when multiplied by a given i-letter treatment) + (number of 
k-letter treatments which give rise to n -j + l-letter treatments when 
multiplied by a given i-letter treatment) + (number of n - k + l-letter 
treatments which give rise to j-letter treatments when multiplied by a 
given i-letter treatment) + (number of n - k + l-letter treatments which 
give rise to IZ - j + l-letter treatments when multiplied by given i-letter 
treatment)]. 
That is, in general, 
pj, = [iC(k+i&j)/z X ‘n-i’C(k-i+j)/2 
+ iC(k+i+j-n-l) /2 X (n-i)C(k-i-j+n+l) 12 
+ iGz+1-k+i-~),2 x (n-ifC(,+l-e-i+j) /2 
+ ic(i+j-k),2 x 'n-i'Ch+l)-(i+j+r) /2 I. 
And, of course, this expression of pip should give the same value when on 
the RHS i is replaced by (n - i + l), and this can be verified to be true 
through substitution and simplification of the above expression for pil,. 
For different values of i, j, and k, however, the above expression for 
pfk will change because two or more of the above terms might be 
duplicated. This has been indicated below. We thus have the following 
parameters of the design: 
(1) Primary parameters: 
c = 2”, b = 22 x (n+l’C2 , r = (n+l)C2, k = 2(n-2), 
,li = (n+l’C. z > hi = [(n-i+l)C3 + ic,] for i = 1, 2 ,..., (p - l), 
n I( = (n+l’C(u+l) ) A, = p--rr+l’C3 + q, 
where p = n/2 when n is even, and, when n is odd, 
n, = ncu, A, = p--u+w3 + q, 
where p = (n + 1)/2. 
(2) Secondary parameters. For any n even or odd 
(i) when k # (n + 1)/Z j # (n + 1)/Z 
pil, = (icy x n-i+1Co + iCu-(a+l),2 x n-i+1Co+(n+1),2); 
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(ii) when k = (n + 1)/2, j # (n + 1)/2, 
pi,< = (icy x (?l-i) G + icoi-h+l)!z x n-icB+h+l)/2) ; 
(iii) k # (n + 1)/2, j = (n + 1)/2, 
p;l, = (icy x n-icL7 + ic(n+l),2-c7 x n--ic(n+z),z-J; 
(iv) k = (n + 1)/2, j = (n + 1)/2, 
pfk = q, x (n-w0 ) 
where, 01 = (k + i +j)/2, /I = (k - i - j)/2, y = (k + i - j)/2, 0 = 
(k-i+j)/2,i,j,k= 1,2 ,..., n/2 or (n + 1)/2, according as n is even or 
odd, and where “C, = 0 if (i) B > A and (ii) B is fractional or negative. 
These secondary parameters are the same as indicated earlier but 
written avoiding duplication of terms that arise for particular values of j 
and k. 
(d) Example 2 
Consider a 24 factorial of which A, B, C, D are the four factors, say. 
Then the followings are the distinct systems of confounding main effects 
and two factor interactions taking two (independent) at a time. 
1. A,B,AB. 
2. A, C, AC. 
3. A, D, AD. 
4. B, C, BC. 
5. B, D, BD. 
This gives a PBIB design with v = 
n2 = 3, X, = 0, and 
Pj’k = (; f), 
6. C, D, CD. 
7. AB, AC, BC. 
8. AB, AD, BD. 
9. AC, AD, CD. 
10. BC, BD, CD. 
b = 10, r = k = 3, n, = 6, X, = 1, 
P&-t; ;,. 
And this is the T6 design of Bose, Clatworthy, and Shrikhande [2] -. 
Writing the treatment combinations in blocks using the above con- 
founding systems and considering these treatment combinations as variety 
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(or treatment) numbers, we, again, get a two-associate PBIB design with 
the following parameters: 
v = 16, b = 40, r = 10, k = 4, n, = 5, A, = 4, n2 = 10, h2 = 1; 
2 3 
and pTli = 3 6 . ( 1 
And this design has not been included in the tables of Bose et al. [2]. 
(e) Remarks 
Though for agricultural and similar experimentation some of these 
designs which have large number of replications and large block sizes may 
not be of much use, they do have a very interesting application for 
obtaining partial diallele crossing plans, as, while obtaining such plans 
through PBIB designs, the number of replications, block sizes, and values 
of x’s do not affect the plan in any way, but their utility is determined by 
the values of ni’s, as the total number of crosses is (v4)/2. 
3. CONSTRUCTIONOF PBIB DESIGNSBYCONFOUND~NGONLYTWO-FACTOR 
INTERACTIONS OF 2” SERIES 
3.1. Two-associate designs 
By confounding two-factor interactions only, instead of both main effects 
and two-factor interactions, we can get PBIB designs which are, of course, 
isomorphic to those obtained in Section 2.1(a). In fact, if we replace n 
by (n - 1) in the parameters obtained in Section 2.1(a), we shall have the 
parameters of these designs. 
3.2. Designs of two and more associate classes 
When treatment combinations are taken as treatments (varieties), the 
blocks obtained by writing down the treatment combinations using 
confounding sytems of Section 3.1 which lead to a two-associate PBIB 
design also form PBIB designs of two and more associate classes. And 
these are different from those obtained in Section 2.2. 
Following the same procedure as outlined in Section 2.2, we give below 
the SAS and the parametric values of the derived designs for both odd 
and even n. 
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CASE 1. Odd il. 
(a) Standard Association Scheme: 
Type of treatments which go same number 
Associate class number of times with (1) in block of the design 
i i - letter and (n - i) - letter treatments, 
for i = 1,2,..., (n - 1)/2; 
(n + l)P n - letter treatments. 
(b) Primary parameters: 
v = 2”, b = 22 x “C, , r = “Cg, k = 2n-2 3 
ni = 2. Vi, hi = (n-iCs + iCs), for i = I, 2 ,..., (n - 1)/2, 
nh+l)/z - 1, &&+1uz = %. 
(c) Secondary parameters: 
(9 k f (n + 1)/&j f (n + 1)/2, 
Pile = WC(k+i-j),2 x “-iG-i+j),2 
+ iC(k+i+j-n)12 X “-iC(k-i-j+n)121. 
(ii) k = (n + 1)/2, j # (n + 1)/2, 
(iii) k # (n + 1)/2, j = (n + 1)/Z 
Pi,, = [iC(k+i-d/2 X n-iC(k-i+n)/2 
+ ic(i-k)/2 x “-iGz-k-i) ,zl. 
(iv) k = (n + 1)/2, j = (n + 1)/2, 
pile = 0, for any i; i, j, k = 1, 2 ,..., (n + 1)/2, 
where (1) “C, = 0 for B > A and for fractional and negative B, and (2) 
if i = (n + 1)/2, it is to be replaced by n in the RHS expression for each 
pik written above. 
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CASE 2. Even n. 
(a) Standard Association Scheme: 
Type of treatments that go with (1) in equal 
Associate class number number of blocks of the designs 
i i-letter and (n - i)-letter treatments, for 
i = 1, 2,..., n/2; 
(n + 2x2 n - letter treatments. 
(b) Primary parameters: 
v = 2”, b = 22 x “C3, r = W3, k = 2h-2), 
ni = 2 . Ti, i = 1, 2 ,..., (n - 2)/2, 
n n/2 = nG/2 3 “bl+2)12 = 1. 
xi = yc, + T,), i = 1, 2 ,..., n/2, 4n+2),2 = “G . 
(c) Secondary parameters: 
(i) k # n/2, or (n + 2)/2, j f 42, or (n t 2)/2, 
Pik = 2[iC(k+i-j)/2 x “-iC&i+j)/2 
+ iC(k+i+i-n) /2 X n-iCk-i-j+n) 121. 
(ii) k = n/2, or (n + 2)/2,j # n/2, or (n + 2)/2. 
Pfk = [ic(lc+i-j)/2 x n-iC(lc-i+j)12 
+ 'Ch+i+j-d/2 X n-iCh-i-j+n)121* 
(iii) k # n/2, or (n + 2)/2, j = n/2, or (n + 2)/2, 
P:k = [ick+i4/2 X n-iC(k-i+j)12 
+ iC(n-?f+i-j)/2 x "-iC(n--k-i+j)/21y 
(iv) k = n/2, or (n + 2)/2, j = n/2, or (n + 2)/2, 
P:k = [ic(lc+i-j)/Z x n-“C(k-i+j)121; 
i, j, k = 1,2 ,..., n/2, (n + 2)/2, 
where (1) AcB = 0 for B > A and for negative and fractional B, and (2) 
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if i,,j, k = (n + 2)/2, they are to be replaced by n only (and not IZ + 2/2) 
in the RHS of the pjl, expressions given above. 
4. CONSTRUCTION OF PBIB DESIGNS THROUGH CONFOUNDING SYSTEMS 
WITH INTERACTIONS OF ANY GIVEN EVEN NUMBER OF 
FACTORS OF 2” SERIES 
(a) Method of construction 
It is the same as that described in earlier Sections 2.1(a) and 2.2(a). 
Let the interactions to be confounded consist of 2t factors. Then, by 
confounding two independent and one generalized interactions, and 
identifying interactions with treatments, we get PBIB designs with block 
size equal to three when confounding is restricted to 2t factor inter- 
actions only in all possible ways. 
(b) Association Scheme and determination of ni’s 
In fact, (i) when 3t < n < 4t we get (n - 2t)-associate PBIB designs, 
and (ii) when n > 4t we get 2t-associate PBIB designs. For other values 
of n, we do not get any design, as in such cases the product of two 2t factor 
interactions will not generate another 2t factor interaction. 
For obtaining the associate classes of any treatment denoted by, say, 
x,x,x, . . . X,, we shall consider two cases: when (1) 3t < II < 4t and 
(ii) n > 4t. 
Case 1. The jth associates (j = 1, 2,..., n - 2t) of X,X, ... X,, 
contain all those interactions each of which has [j - (n - 4t + l)] letters 
in common with X,X? ..* X,, . 
Case 2. The j-th associates (j = 1, 2,..., 2t) of the same treatment 
contains all those treatments (interactions of 2t factors) each of which 
has (.j - 1) letters common with the interaction X,X, . . . X,, . 
(c) Determination of pjl, values 
We consider, without loss of generality, X,X, . . . X,, , any 2t-letter 
interaction. And accordingly, let us call the n factors under consideration 
as Xl , X2 ,..., X2, , Y, , Y2 ,..., Y,-,, . Also, let us denote by ah the common 
number of letters between X,X, . . . X,, and the interaction of its h-th 
associate class. Let 7 represent a 2t-letter interaction which is i-th associate 
to x,x, . . . X,, . It is to be noted that 7 consists of ai X’s and (2t - ai)Y’s. 
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Now 
p$, = 
i 
number of interactions common between thej-th associate class 
of x, x, . . . X,, and the k-th associate class of r] 1 
= 5 number of 2t-letter interactions which have rX’s and (aI, - r) 
r-0 
i 
Y’s in common with r and have exactly QjX’S and (2t - aj) Y’s 
in them. 
With the help of this expression we can find the pjr, values. 
We now give the parameters of the designs obtained in this section. 
Case 1. 3t < n ( 4t. 
(i) Primary parameters: 
v = qt, b = (“Czt x V, x “-2fCt)/6, 
r = (Y, x n-2tCt)/2, k = 3, 
nt = [2tcb-2t-i+l) x n-2tCb2t-i+l)l, hi = 0, 
for i = 1, 2 ,..., (n - 3t), (n - 3t + 2), (n - 3t + 3) ,..., (n - 2t); 
n&st+l) = (2T, x n-2tCt), 4n--3t+l) = 1. 
(ii) Secondary parameters: 
“3 
p;,< = c ("C, x 2t--acaj-T x 2t--aiCar-' x n-4t+a"C2t-ak-a,+r)' 
r=0 
where, ah = (4t - n) + (II - l), 11 = 1,2, 3 ,..., (n - 2t), and i, j, k = 
1, 2 )...) (n - 2t). 
Case 2. n > 4t. 
(i) Primary parameters: v, b, r and k are same as in (i) of Case 1 
above. 
n, = (2tC2t-i+l x +-2T2t_i+l), Ai = 0 
for i = 1, 2,..., t, (t + 2), (t + 3),..., 2t; 
n(,+,) = (2’Ct x n-2tCt), &+I) = 1. 
(ii) Secondary parameters: These are the same as in (ii) of Case I 
above with the following changes: (1) ah = h - 1, h = I, 2,..., 2t, and 
(2) i, j, k = 1, 2 ,..., 2t. 
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(d) Example 3 
Consider a 26 factorial. Let t = 2. Then there are “C, = 15 four-factor 
interactions. Let them be ABCD, ABCE, ABCF, ABDE, ABDF, ABEF, 
ACDE, ACDF, ACEF, ADEF, BCDE, BCDF, BCEF, BDEF and CDEF. 
All possible systems of confounding these interactions taking three at a 
time of which two are independent and one is generalized are as follows: 
1. ABCD, ABEF, CDEF. 
2. ABCD, ACEF, BDEF. 
3. ABCD, ADEF, BCEF. 
4. ABCE, ABDF, CDEF. 
5. ABCE, ACDF, BDEF. 
6. ABCE, ADEF, BCDF. 
7. ABCF, ABDE, CDEF. 
8. ABCF, ACDE, BDEF. 
9. ABCF, ADEF, BCDE. 
10. ABDE, ACDF, BCEF. 
11. ABDE, ACEF, BCDF. 
12. ABDF, ACDE, BCEF. 
13. ABDF, ACEF, BCDE. 
14. ABEF, ACDE, BCDF. 
15. ABEF, ACDF, BCDE. 
Replacing the fifteen interactions by fifteen varietal numbers we get the 
non-randomized layout of a two-associate PBIB design with the following 
parameters: 
21 = b = 15, r=k==3, n, = 6, A, = 1, n2 = 8, A, = 0, 
This is the T28 design of Bose, Clatworthy, and Shrikhande [2]. 
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